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Abstract
This paper presents how to generate the implementation of a pipelined microprocessor from an arbitrary sequential specification. All necessary forwarding and stalling logic is created automatically.
The implementation is provided in the language of the theorem proving system (PVS). This implementation is translated to the Verilog hardware description language. Furthermore, a mathematical
correctness proof for the machine is supplied. This proof is verified by the theorem proving system.
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Introduction

Automation is crucial for the design process of todays microprocessors, since it cuts design time and
cost. A high level of automation is desired during the design and the verification of processors.
There has been much progress in the verification of given designs. Advanced model checking and
theorem proving techniques allow for checking an almost complete processor in a reasonable amount
of time for sequential machines [21], for pipelined machines [3, 18, 4, 12, 8] and for machines with
out of order execution [6, 8, 13, 2, 10, 14].
However, the complete design is usually not covered. Furthermore, most proofs rely on a high-level
specification of the scheduling algorithm or the processor control. The correctness of the implementation of the algorithm is usually also not covered.

Contribution
The paper presents a method to design in-order pipelined microprocessors with a large scale of automation by transforming a given sequential machine into a pipelined machine. This is done as follows
(figure 1):
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Figure 1: Generation of the implementations and of the proof
1. The first step is to specify the reference machine as sequential mathematical machine. This can
be done even for complex instruction set architectures with ease.
2. The second step is to make a sequential implementation of this reference design with the following premises: the machine has the same stage structure as the pipelined design. However,
the stages are never clocked simultaneously but in a round robin fashion. This design is called
sequential prepared machine. The correctness of this design is easily shown using the theorem
proving system PVS [5].
3. In the third step, this sequential design is transformed into a pipelined machine. The transformation is completely automated. Forwarding hardware is added where necessary. If forwarding
is not possible, appropriate stall signals are generated.
Furthermore, a proof that the pipelined design simulates the reference machine is generated. This
proof relies on the forwarding and stalling logic generated in step three and has the premise that the
sequential prepared machine simulates the reference machine.
A simple RISC processor, the DLX [7], is used as an example for this paper. However, the methods
and tools presented in this paper are not limited to DLX-like designs. The specification and the
complete proof of the DLX in PVS language is omitted here due to lack of space. The files are
available on the Internet instead [1]. In order to verify the proofs, make sure that PVS version 2.3 is
used.

Related Work
Recent papers show the correctness of complex designs or schedulers in theorem proving systems
such as PVS. Hosabettu et al. [10] prove both safety and liveness of Tomasulo’s Algorithm with PVS.
Swada and Hunt [17] provide an ACL2 [11] proof of a complete design implementing a Tomasulo
scheduler with reorder buffer.
Henzinger et al. [8] verify a simple pipelined processors with a model checker. McMillan [13] partly
automates the proof presented in [6] with the help of compositional model checking. This technique
is improved in [14] by theorem proving methods to support an arbitrary register size and number of
functional units.
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Specifying the Reference Machine

The reference design is specified as mathematical machine. Mathematical machines are a common
method to model the behavior of arbitrary microprocessor systems. There are different definitions of
mathematical machines. For this paper, a single concept of a mathematical machine is used to specify
both the hardware and the instruction set architecture. The correctness criterion and its proof relies on
arguments on these two mathematical machines. A similar approach is used in [6] with the concept
of synchronous transition systems.
A mathematical machine, as used in this paper, is a three-tuple M
following components:





= (C; c0 ; Æ )

which consists of the

C is a set of all possible configurations of M . An element c of C is called configuration or state

of the machine.
The initial configuration c0 is a configuration of M .
The transition function Æ : C

! C maps one configuration cT to its successor cT +1.

The sequence c0 , c1 , ... of configurations is called computation of M . The configurations of M for
T  1 are defined recursively as follows:
cT = Æ (cT

1)

The reference machine processes exactly one instruction with each transition, no matter how complex
this instruction is. It contains only registers which are part of the instruction set specification. This
sequential reference machine is assumed to be correct.
Notation In both the specification and the implementation of a microprocessor registers are used.
Let R = fR1 ; :::; Rn g be a finite set of registers. Each register R can have a value within a finite
domain W (R), i.e., Ri 2 W (Ri ).
In order to allow an easy identification of the value of a register in the configuration of a mathematical
machine, all valid configurations in C are expected to be a tuple of the values of all registers:
C =

W (R1 )  W (R2 )  :::  W (Rn )

The value of a given register Ri can be extracted from a configuration c with a projection function 'i .
Let c be (a1 ; a2 ; :::; an ).
'Ri : C

! W (Ri );

'Ri (c) = ai

Let c = cT be part of a computation of a mathematical machine. In this case, let RT be a shorthand
for 'Ri (cT ). Let c:R be a shorthand for the following projection on c:
c:R = 'R (c)

In analogy to that, let Æ:R be a shorthand for the restriction of a state transition function to a register
value:
Æ:R : C

! W (R);

Æ:R = 'R

ÆÆ

A signal s is defined as a mapping from the set of configurations into an arbitrary domain W (s):
s:C

! W (s)

Signals are therefore a shorthand for a calculation on a given configuration.

3

The Sequential Prepared Machine

The sequential prepared machine [15] has the same stage structure as the pipelined design. The process of partitioning the sequential step into stages is not automated. We use a common five stage
pipeline for the DLX processor as found in many textbooks. The processor has a data memory interface but no IEEE floating point arithmetic.
In order to realize the sequential prepared machine, implementation registers are added which buffer
intermediate results between the stages. Each stage is only allowed to read the registers from the
specification machine and the implementation registers of the stage above. However, the stages are
not clocked simultaneously but in a round robin fashion. Thus, the machine is still sequential. The
execution of each instruction takes exactly as many cycles as there are stages.
With the premise that the sequential reference design is correct, the correctness (data consistency) of
this sequential five-stage DLX design is easily shown with the theorem proving system. The largest
part of the proof is the verification of the ALU implementation. This proof is omitted here, but
available for download [1].
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The Pipelined Machine

In the pipelined machine, registers of multiple stages can be updated simultaneously. The clocking
of a stage k is controlled by the signal uek . Iff uek (c) is one in a given configuration c, the stage k is
updated.
The pipelined machine is generated by an automatic transformation from the sequential prepared
machine. This is done by a program written in C++ which takes a list of the specification registers
and the stage they are in, and the original transition functions of the sequential prepared design. The
program outputs the following:






an implementation of a stall engine, which controls the update enable signals ue of the stages,
an implementation of forwarding logic, wherever necessary,
an overall transition function for the complete pipelined design,
and a PVS proof which shows the correctness criterion for the pipelined design.

The forwarding logic affects how register values are read by a stage. Read access to implementation
registers never requires forwarding logic. However, accessing registers from the specification machine
might require forwarding logic. Let stage k read specification register R, and let the new values of R
be calculated in stage w . There are three cases:
1. If the read access is done after the new value is already calculated, i.e., k > w , the register is already overwritten. The original value is buffered in an implementation register. This
implementation register is read instead of R.
2. If the read access is done in the stage which writes the register, i.e., k = w , it is sure that the
register still contains the value from the previous configuration. Nothing has to be changed in
this case.

3. If the read access is done in a stage before the stage which writes the register, i.e., k < w , the
access cannot be done, since the desired value is not calculated yet.
There are two methods to overcome the limitation in the last case: forwarding and, if this fails,
stalling.

Forwarding
Microprocessor instruction sets usually offer different kinds of instructions, such as ALU and memory
instructions. The value which is to be forwarded is the result of these operations. The different
instructions are processed by different stages, e.g., by an execute and by a memory stage. The result
is available in an early stage therefore.
In these implementations, the result is buffered in an implementation register. The value of this implementation register is written into the register file in the last stage. However, in most implementations,
this implementation register does not always hold the final result, e.g., if the desired result is calculated by different stages depending on the instruction. This applies for load instructions. The data
from memory has to be shifted and masked before it can be written into the register file. This is done
in an extra stage.
In order to realize forwarding of results which are available in an early stage, the following additions
are necessary:




It is necessary to specify which implementation register holds the intermediate result of a specification register.
In order to specify whether the implementation register holds the final value of the specification
register or not, a valid function is added for each register and each stage.

The following condition is added to the premise for each such register: if the valid function of a
register returns one, the data in the implementation register matches the final value of the specification
register.
In order to determine the stage which holds the desired value, extra signals hitk are added for each
input register of each stage. The signal hitk is active iff the stage k contains an instruction which
modifies the desired register. These signals are calculated with an equality tester and a check for the
full bit of the stage: if the stage is not full, the hitk signal is also not active. The first stage with an
active hit signal is the stage where to forward from. Let f irsthit denote the number of this stage.
This is calculated by an unary find first one circuit.
The forwarding is now done as follows:





If there is no stage with a hit, the value is read directly from the register.
If there is a stage with a hit and the valid function returns one for this stage, the output value
from this stage for the register is taken.
If neither case applies, forwarding fails.
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Figure 2: The clocking of the registers of a n-stage pipelined machine

Stalling
If forwarding fails, the calculation of the new values of the registers of a stage is not possible until the
input registers are available. The instruction has to wait. This is realized by the stall engine (figure 2).
For each stage, new signals are introduced. The signal stallk controls whether stage k has to be
stalled. The calculation of the update enable signal uek is changed in an obvious way: the output
registers of a stage are only updated iff the stage is full and not stalled.
uek = f ullk

^ stallk

In order to calculate the stall signals, a signal is required which indicates whether a given stage has
to wait for an input value. The signal dhazk is active iff stage k is waiting for an input operand. The
stage k must be stalled if dhazk is active and if the stage is full. Furthermore, the stage must be stalled
if the next stage (stage k + 1) is stalled because there is no space to store the results of stage k in this
case. Since the last stage has no next stage, the calculation of the signal stallk depends on the stage
number:
(
dhazk
if k is the last stage
stallk = f ullk ^
(dhazk _ stallk+1 )
otherwise
The full bit register of a stage must not be updated if the stage is stalled. This is controlled by a clock
enable signal cek for each stage. Iff cek is active, the full bit f ull:k + 1 is updated.
cek = (stallk

^ f ullk ) _ uek+1
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Figure 3: Transformation of the PC environment

The calculation of the new values for the full bit registers has to be changed also. It is now no longer
possible to copy the full bit of the previous stage, since the current stage might be stalled. In this case,
it is necessary to clear the full bit. The update enable bit is used as new value therefore.

Transformation of the Sequential DLX
As example, this section presents the transformation of the instruction fetch mechanism of a DLX
with delayed branch. The sequential semantics for a machine with delay slot are given in [16, 15]:
Let nextP C (P C ) calculate the new PC in the sequential machine (figure 3). New instructions are
fetched from the address provided by a register DPC, which is a delayed version of the regular PC
register, which is named P C 0 :
DP C := P C 0
(1)
P C 0 := nextP C (P C 0 )

(2)

Figure 3 shows how the value of DPC in the sequential machine is calculated by the pipelined machine: according to the forwarding rules, this depends on the full bit:

(

DP CS =

5

P C 0 :2
DP C:2

if f ull1
if f ull1

=1
=0

(3)

Correctness of the Pipelined Machine

In order to formalize the data consistency criterion, a scheduling function I (k; T ) is defined which
specifies the index i of instruction which is in the registers of stage k at time T . During cycle 0, all
stages are in the initial configuration, which has index 0:

8k : I (k; 0) = 0

The scheduling function for T > 0 of the machine is:

8
>
<
I (k; T ) =
>
:

if uek (cT 1 ) = 0
if uek (cT 1 ) = 1 ^ k
if uek (cT 1 ) = 1 ^ k

I (k; T
1)
I (0; T
1) + 1
I ( k 1; T
1)

=0

6= 0

Let RI denote the value of a register in the implementation and RS denote the value of a register in
the specification machine. Data consistency means that each time a register R of stage k is written,
the value written must match the value which the register has in the specification machine:
I (k; T ) = i

)

RIT = RSi

=

This proof relies on the following lemmas:
1. If the update enable signal of a stage is active in cycle T , the value of the scheduling function
for that stage increases by one. If the update enable signal of a stage is not active, the value
does not change. For T > 0:

(

I (k; T ) =

I (k; T
1)
I (k; T
1) + 1

if uek (cT 1 ) = 0
if uek (cT 1 ) = 1

2. Given a cycle T , the values of the scheduling functions of two adjoining stages are either equal
or the value of the scheduling function of the later stage is one higher.
3. Iff the values are equal, the full bit of the later stage is not set.
f ullkT = 0

, I (k

1; T ) = I (k; T )

Negating both sides of the last equation results in:
f ullkT = 1

, I (k

1; T ) = I (k; T ) + 1

This argument is extended inductively to multiple stages. The correctness criterion is then shown by
induction on T : for stages k which do not have new values in this cycle (i.e., ueTk 1 = 0) the claim
is obvious. If the stage got new values (i.e., ueTk 1 = 1), the correctness of these values is argued by
showing the correctness of the input values of the stage. A complete proof for a five stage DLX RISC
processor is available for download [1]. Due to lack of space, only the correctness of the forwarding
done for stage IF is presented here. The claim is:
I (0; T ) = i

Due to ueT0 1 = 1, I (0; T
for I (1; T 1):

1) = i

1

) IRIT = IM [DP CSi 1 ]

holds by lemma 1. Because of lemma 2 there are two cases



If I (1; T 1) = i 2 holds, lemma 3 implies f ull1T 1 = 1. By (3) the register P C 0 :2 is used
as address for the instruction fetch. By the induction premise, P C 0 :2T 1 = P C 0i 2 holds. This
is equal to DP CSi 1 by (1).



If I (1; T ) = i 1 holds, lemma 3 implies f ull1T 1 = 0. By (3) the register P C 0 :2 is used as
address for the instruction fetch. By the induction premise, DP C:2T 1 = DP CSi 1 holds.
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Converting Mathematical Machines to Verilog

The implementations above are all specified as mathematical machine in the PVS language. All
proofs rely on these specifications. In order to get real hardware, e.g. which can be put on an ASIC
or FPGA, this specification is converted into a subset of Verilog [19]. This is done automatically by a
program. A similar approach is made by [9].
The program is limited to convert mathematical machines, i.e., it takes a configuration set, an initial
configuration, and a transition function. This tool is not limited to in-order designs.

7

Future Work

This paper does only covers data consistency and does not provide a proof that the machine is
deadlock-free. The transformation tool is limited to in-order pipelines, but the current research goal
is to extend it to support out-of-order schedulers such as the Tomasulo scheduler[20]. Furthermore,
speculative execution can be added with ease which is necessary for branch prediction and precise
interrupts.
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